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PARALLEL TRANSPORT ON PRINCIPAL BUNDLES OVER STACKS 


BRIAN COLLIER, EUGENE LERMAN, AND SETH WOLBERT 


Abstract. In this paper we introduce a notion of parallel transport for principal bundles with 
connections over differentiable stacks. We show that principal bundles with connections over stacks 
can be recovered from their parallel transport thereby extending the results of Barrett, Gaetano 
and Picken, and Schreiber and Waldorf from manifolds to stacks. 

In the process of proving our main result we simplify Schreiber and Waldorf’s definition of a 
transport functor for principal bundles with connections over manifolds and provide a more direct 
proof of the correspondence between principal bundles with connections and transport functors. 
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1. Introduction 

Recall that a choice of a connection 1-form A G on a principal G-bundle P over a 

(connected) manifold M and a choice of a base point x G M gives rise to holonomy map 

11 (M, x) —>■ Aut(fiber of P at x) ~ G, 

where Q{M,x) is the set of smooth loops at x in M. The holonomy map uniquely determines the 
connection A and, in fact, the bundle P itself [12]. If two loops in Q(M,x) differ by a homotopy 
that sweeps no area, a so-called “thin homotopy,” then their holonomies are the same. Therefore 
the holonomy map descends to a well defined map on the quotient 

n : n{M,x)/^ -G G, 
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where ~ means “identify thinly homotopic loops.” The quotient := Q{M,x)/r^ is 

a group and T-L is a homomorphism. Moreover x) has a smooth structure — it is a 

diffeological group (see Appendix A and Remark 2.13) — and T-L is smooth. Barrett [2], motivated 
by questions coming from general relativity and Yang-Mills theory, proved that a homomorphism 

is dehned by parallel transport on some principal G-bundle with connection if and only if T is 
smooth. More precisely, he proved that assigning parallel transport homomorphism to a principal 
bundle with a connection induces a bijection of sets: 

(principal bundles with connections over M)/isomorphisms 

(smooth homomorphisms 7r)^^™(M, x) —>■ G)/conjugation. 

Barrett’s proofs were simplified by Gaetano and Picken [7]. Wood [23] reformulated Barrett’s 
theorem in terms of the groupoids of paths in M; this obviates the need to choose a base point. 
Schreiber and Waldorf [20] categorified Wood’s version of Barrett’s theorem. They showed that 
assigning holonomy to a bundle dehnes an equivalence of categories 

HoIm : B^G{M) Home-(n*^“(M), G-tor). 

Here, and in the rest of the paper, G{M) denotes the category of principal G-bundles with 
connections over a manifold M, n*^“(M) is the thin fundamental groupoid of M (see Dehni- 
tion/Proposition 2.9), G-tor is the category of G-torsors (Dehnition 3.2) and Home oo (n*^‘"(M), G-tor) 
denotes a category of functors that are smooth in an appropriate sense. Schreiber and Waldorf’s 
definition of Home—(n*'^™(M), G —tor) is fairly involved and the proof that HoIm is an equivalence 
of categories is indirect. Nor is it clear if the equivalence holju is natural in the manifold M. 

In this paper we propose a simple dehnition of what it means for a functor T : n*^™(M) —>• G-tor 
to be smooth. We provide a sanity check by showing that the parallel transport functor ho\M{P, A) 
dehned by a connection A on a principal G-bundle P —)■ M is smooth in the sense of this paper. We 
then prove that for a manifold M the functor HoIm is an equivalence of categories (Theorem 4.1). 
This part of the paper does not require any knowledge of stacks. 

In the second part of the paper we assume that the reader is familiar with stacks over the site 
Man of manifolds. The standard references are Behrend and Xu [3], Heinloth [10] and Metzler [18]. 

We hrst prove that the assignment M i—)• TransG(M) extends to a contravariant functor Transc : 
Man°^ —> Groupoid (Lemma 5.1). By Grothendieck construction this presheaf dehnes a category 
hbered in groupoids (CFG) Trans r- —?• Man. The collection of functors 

{HoIm : B^G{M) TransG(M)}MeMan 

extends to a 1-morphism of GFGs hoi : B^G —>■ Trans ,^ (Lemma 5.3). Since each functor \\o\m is 
an equivalence of categories the functor hoi is an equivalence (Theorem 5.4). Consequently, since 
BPG is a stack, so is Trans ^ (Corollary 5.5). Together the two results imply one of the main result 
of the paper: 

hoi : B^G Transg 

is an isomorphism of stacks. In section 6 we work out some consequence of Theorem 5.4 for principal 
bundles with connections over stacks. We start by recalling a dehnition of a principal G-bundle 
over a stack X: it is a functor P : A —>• BG, where BG denotes the stack of principal G bundles. By 
analogy we introduce the notion of a principal bundle with connection and of a transport functor 
over a (not necessarily geometric) stack A. As an immediate consequence of Theorem 5.4 we obtain 
that for each stack A the functor hoi induces an equivalence of categories between the categories 
of principal bundles with connections over A and transport functors over A (Theorem 6.4). We 
then recall that for a CFG A —Man and a Lie groupoid F there is the category A(F) of cocycles 
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with values in X. We discuss the fact that the cocycle category d:’(r) is equivalent to the functor 
category [[ro/ri],Af] (Proposition 6 . 6 ). Here and elsewhere in the paper [Po/Pi] denotes the stack 
quotient of the Lie groupoid P. We end Part 2 of the paper by reformulating Theorem 6.4 in 
terms of the cocycle categories: for any Lie groupoid P the isomorphism of stack hoi induces an 
equivalence hoir : B'^G{T) —> Transr -fP) of the cocycle categories (Theorem 6.7). 

The paper has two appendices. In Appendix A we review the definition of a diffeological space 
both from a traditional point of view and as a concrete sheaf of sets. We prove the folklore result 
that the thin fundamental groupoid n**^™(M) of a manifold M is a diffeological groupoid. We also 
prove two technical results that are needed elsewhere in the paper. We show that the target map t 
of the thin fundamental groupoid has local sections (Lemma A.26). We prove that the assignment 
M i-> n*’^™(AL) extends to functor H*^™ : Man —)■ DiffGpd from the category of manifolds to the 
category DiffGpd of diffeological groupoids. In Appendix B we prove that for any Lie groupoid T 
an equivalence of CFGs T : A —> T induces an equivalence Tr ^ A’(r) —>■ T(r) of the corresponding 
cocycle categories (Proposition 6 . 8 ). 

Part 1. Parallel transport for bundles over manifolds 

2. Thin Homotopy and the thin fundamental groupoid 

In this section following Schreiber and Waldorf we define the thin fundamental groupoid n*'^“(M) 
of a manifold M. Nothing in this section is new. Our purpose for presenting this material is to keep 
the paper self-contained and to fix notation. To start we recall the notion of a path with sitting 
instances of Gaetano and Picken [7]. 

Definition 2.1 (A path with sitting instances). Let [a, 6 ] C M be a closed interval and M a mani¬ 
fold. A smooth map 7 : [a, 6 ] —>■ M is a path with sitting instances if 7 is constant on neighborhoods 
of a and h. 

Remark 2.2. It will be useful for us to fix a smooth non-decreasing map 

/3 : [ 0 , 1 ] ^ [ 0 , 1 ] 

which takes the value 0 on all points sufficiently close to 0 and the value 1 for all points sufficiently 
close to 1. Given any path 7 : [0,1] —)■ M, 7 o /3 is a path with sitting instances. Therefore, up to 
“reparameterization,” all paths on M are paths with sitting instances.^ 

Notation 2.3. We denote the set of all paths with sitting instances from the interval [0,1] to a 
manifold M by V{M): 

V{M) := {7 : [0,1] —>• M I 7 is a path with sitting instances}. 

A useful notion of homotopy fixing end points between to paths with sitting instances is that of 
a thin homotopy: 

Definition 2.4 (Thin homotopy). Two paths 70,71 : [0,1] —)• M with sitting instances and the 
same endpoints in a manifold M are thinly homotopic relative endpoints if there is a thin homotopy 
between them. That is, if there is a smooth map H : [0,1]^ —)• M with the following properties: 

( 1 ) 77 is a smooth homotopy from 70 to 71 relative the endpoints: 

77(s,0) = 7 o(s), i7(s, 1 ) = 7 i(s) for all s € [ 0 , 1 ] 

and 

77(0, t) = 70 (0) = 71 ( 0 ), 77(1, t) = 70 ( 1 ) = 71 ( 1 ) for alH e [0,1]; 

^The map /3 is not a reparametrization in the strict sense of the word since it is not invertible. 

3 




( 2 ) H is “thin”; 

rank((iiJ)(s,t) < 1 

for all (s, t) G [0,1]^; 

( 3 ) H has sitting instances near the boundary of the square: H{s,t) is constant in s for all 
{s,t) near {0,1} x [0,1] and is constant in t for all all {s,t) near [0,1] x {0,1}. 

We refer to H as a thin homotopy from 70 to 71. 

Notation 2.5. We write -ff : 70 ^ 71 to indicate that H is a thin homotopy from a path 70 to a 
path 7i. 

Remark 2.6. There are several points to the definition of the thin homotopy: 

( 1 ) Two thin homotopies can be easily pasted together (vertically or horizontally) to give rise 
to a new thin homotopy. Consequently “being thin homotopic” is an equivalence relation 
~ on the space V{M) of paths with sitting instances. The relation ~ is also compatible 
with concatenations. 

( 2 ) The pullback by a thin homotopy of any differential 2 -form is zero. Consequently if (P, A) —>■ 
M is a principal bundle with connection and P : [ 0 , 1 ]^ ^ M is a thin homotopy, then the 
pullback bundle H*{P,A) —>■ [ 0 , 1 ]^ is flat. This, in turn, implies that parallel transport 
maps dehned by two thinly homotopic curves are equal (see Proposition 3.11 below). In 
particular, in studying parallel transport along loops based at some point xq, we may safely 
divide out by thin homotopy. 

( 3 ) The collection of all loops at a point xq € M parameterized by [ 0 , 1 ] do not form a group 
under concatenation: for example the composition is not associative. It does become as¬ 
sociative once we divide out by thin homotopy. Thus, if we want to think of parallel 
transport along loops as a representation of the “group” of loops, we need to pass to the 
thin fundamental group 7r^^™(M,x) (see Dehnition 2.12 below). 

Notation 2.7 [V{M)/^). Since being thinly homotopic is an equivalence relation, the correspond¬ 
ing equivalence classes make sense. We denote the equivalence class of a path 7 by [7]. We denote 
the set of equivalence classes of paths in a manifold M by 'P{M)/r^. 

Remark 2.8. In [ 7 ] thin homotopy is called “intimacy” to distinguish it from the notion of thin 
homotopy between piece-wise smooth paths introduced by Barrett {op. cit.) The terminology of 
Definition 2.4 is now standard. 

Definition/Proposition 2.9 (Thin fundamental groupoid n**^™(M)). The concatenation of paths 
with sitting instances in a manifold M descends to an associative multiplication of their thin 
homotopy classes. This multiplication gives rise to a groupoid n*^™(M) with the points of M as 
objects and thin homotopy classes of paths as morphisms. 

While Definition/Proposition 2.9 is familiar to experts, cf. for example [ 20 , Lemma 2 . 3 ], we will 
recall the argument to keep this paper self-contained. First, we hx our notation for groupoids. 

Notation 2.10. Let T be a groupoid, that is, a category with all morphisms invertible. We denote 

'T 

its collection of objects by Tq and its collection of arrows/morphisms by Ti. If x —> y is an arrow 
in T, (i.e., a morphism from an object x to an object y) we say that x is the source of 7, y is the 
target and write x = 5(7), y = 1(7). 

The collection of pairs of composable arrows of T is the fiber product 

hi Xs^ro.t hi = Ti Xpo Ti := {(72,71) G Ti x Ti | 5(72) = t(7i)}. 

We denote the composition/multiplication in T by m: 

m : Ti Xto FiTi, m(72, 71 ) = 7271 - 
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In particular, we write the composition from right to left. The inversion map is denoted by i: 

irTi^Ti, i(7):=7-\ 

and the unit map is denoted by u : Tq —> Ti. 

Finally, we will often write F = {Fi ^ Fq} to single out the collections of arrows and objects 
of the groupoid F together with the associated source and target maps. This suppresses the other 
three structure maps from notation. 


Proof of Definition/Proposition 2.9. We define the set of objects of the groupoid to be 

the set of points of the manifold M: 

n*^”(M)o := M. 

We define the set of arrows of the groupoid n*’^“(M) to be the set of thin homotopy classes of 
paths: 

The source and target maps are defined by assigning endpoints to classes of paths: 


s([7]):=7(0) t([7]) := 7 ( 1 ); 

these maps are well-defined since thin homotopies fix endpoints. The unit map u : M —)■ P^M)/^., 
assigns to each point x € M the class of the constant path lx{t) = x: 

u(x) := [la;] for all x G M. 

Recall that if 7 : [0,1] —>■ M is a path, its reversal 7“^ is defined by 7“^(t) := 7(1 — t). We define 
the inversion map i : n*'^“(M)i by 

i([7]) := [ 7 -']. 


The map i is well-defined. 

The multiplication m in the groupoid 11**^™(M) is defined by concatenating representatives of 
the equivalence classes of paths. If 7 ,r : [0,1] —M are two paths with 7 ( 0 ) = r(l), define 7 r by 


r T{2t) if t G [0,1/2] 
\7(2t-l) if tG [ 1 / 2 , 1 ] 


( 2 . 1 ) 


Note that since both 7 and r are paths with sitting instances, their concatenation 7r is C°°. This 
is one of the reasons why working with paths with sitting instances is so convenient. We then set 


^([7],M) := M 

for all composable classes of paths ([7], [r]) G ('P(M)/^) xm iV{M)/.^). The map m is well-dehned 
since thin homotopies can be concatenated. 

Finally one needs to check that the five maps s, t, u, i, m defined above do define the structure of 
a groupoid on We omit this verification. □ 


Remark 2.11. In Proposition A. 25 in Appendix A we check that n*'^“(M) is a diffeological 
groupoid. This fact is well-known to experts. We haven’t been able to find a proof in literature. 


Definition 2.12. Let M be a manifold. We define the thin fundamental group x) of M 

at a point x G M to be automorphism group of x in the groupoid 

7r];^“(M, x) := s“^(x) n t(x); 

it is the group of thin homotopy classes of loops at x in M. 


Remark 2.13. Since for any manifold M the thin fundamental groupoid n’''^“(M) is a diffeological 
groupoid, the automorphism groups 7 r 5 *^™(M, x) are diffeological groups. 
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3. Transport functors over manifolds 


In this section we axiomatize parallel transport in principal bundles with connections by intro¬ 
ducing the notion of a transport functor (Definition 3.5). We check that each principal bundle with 
connection {P,A) over a manifold M gives rise to a transport functor \\o\m{P, A) (Theorem 3.8). 
Transport functors over a manifold M form a groupoid, which we denote by TransG'(M). We end 
the section by showing (Proposition 3.17) that the assignment of a transport functor to a principal 
bundle with a connection extends to a functor 

holM : B^G{M) TransG(M). 

Definition 3.1. Let G be a Lie group. A G-torsor is a manifold X with a free and transitive right 
action of a Lie group X. In particular the map 

X X G ^ X X X, (x, g) ^ {x,x ■ g) (3-1) 

is a diffeomorphism. 

Definition 3.2 (The category G-tors of G-torsors). Fix a Lie group G. The collection of all G- 
torsors form a category: by definition a morphism from a torsor X to a, torsor T is a G-equivariant 
map f : X ^ Y. 

We denote the category of G-torsors by G-tors. Note that G-tors is a groupoid. We denote the 
set of morphisms in G-tors from a torsor A to a torsor Y by HomG_tors(-^) Y)- 

Remark 3.3. Let A be a G-torsor. Since the map (3.1) is a bijection, for every pair of points 
{x,y) € X X X there is a unique element d = d{x, y) G G so that 

x-d{x,y)=y. (3.2) 

Since (3.1) is a diffeomorphism, the map d : X x X ^ G defined by (3.2) is smooth. 

Lemma 3.4. Let G be a Lie group. For any G-torsor A the group of automorphisms 

Aut(A) := Home-tors(^,^) 

is canonically a Lie group. 

Proof. A choice of a point x G X gives rise to a map 

'Ipx ■ Aut(A) ^ G, ipxif) ■= d{x, f{x)) 
where d : X x A —> G is the smooth map implicitly defined by 

X ■ d{x,y) = y 

(q.v. Remark 3.3 above). It is not hard to check that ipx is a group isomorphism. Hence ifx gives 
Aut(A) the structure of a Lie group. 

If y £ A is another choice of base point then y = x ■ b for some b G G. It is easy to check that 

i’x-b = b~^'ipxb. 

Hence the Lie group structure on Aut(A) does not depend on a choice of x € A. □ 

Definition 3.5 (Transport functor). Let M be manifold. A functor F : n*^“(M) —)• G-tors is a 
(parallel) transport functor if, for every point x G M, the map F l 7 rfin(M,x) : 7rf'’"(M,x) ^ Aut(F(x)) 
is a map of diffeological spaces (see Definition A.4). 

Remark 3.6. Recall that the group 7r5|^™(M, x) is a diffeological group (q.v. Remark 2.13) and the 
group Aut(T(x)) of automorphisms of the torsor F{x) is a Lie group (q.v. Remark 3.4). Therefore, 
it makes sense to require that is a map of diffeological spaces, that is, smooth. 
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We believe that Definition 3.5 is equivalent to Schreiber and Waldorf’s definition of a transport 
functor [20]. We now argue that our definitiou is a conservative extension of the notion of parallel 
transport defined by Barrett and by Gaetano and Picken {op. cit.). 

Lemma 3.7. Let M be a manifold and F : ^ G-tors a functor. Suppose that there is 

a point X € M so that : 7 r*'^“(M, x) —>• Aut(F(x)) is smooth. Then, for any point y in 

the path component of x, the map : 7rf^^'^{M,y) Aut(F(y)) is smooth. In particular, 

if M is connected, F : n*^™(M) —^ G-tors is a transport functor if and only there exists one point 
X € M so that is smooth. 

Proof. Choose a path 7 : [0,1] ^ M with sitting instances such that 7 ( 0 ) = x, 7 ( 1 ) = y. Then, 
since n*^™(M) is a diffeological groupoid, the equivalence class [ 7 ] € V{M)/^ defines a smooth 
map 

C[.,] : 7rf"(M,x) ^ 7rf-(M,y), [r] ^ 

Similarly, we have the smooth map 

^Fih]) ■ Aut(F(x)) ^ Aut(F(y)), ip ^ F([ 7 ])“^ o ip o F([ 7 ]). 

Since F is a functor, the diagram 

vrf “(M, x) ^ Trf “(M, y) 

d h 

Aut(F(x)) Aut(F(y)) 

commutes. That is, 

= ('^.^’([7])) ° °'^[7]' 

Heuce, Fj^thin^j^^ is smooth. □ 

For Defiuition 3.5 to be reasouable, parallel transport in principal bundles with connections have 
to define transport functors; we now show that it does. 

Theorem 3.8. A principal bundle with a connection (F M,A G D^(F, g)^) over a manifold M 
gives rise to a parallel transport functor 

holM(F, A) : n*^“(M) ^ G-tors 

It is defined by 

holM(F, A) {x ^ y) := {\\^ : ^ Py) (3.3) 

for any arrow (x y) G 11*^“ (M). Here Px denotes the fiber of the bundle P ^ M above x G M 
and jj:^ denotes parallel transport along a path 7 defined by the connection A (see Definition 3.9 
below). 

To prove Theorem 3.8 we need a proposition and two lemmas. We start with a definition to fix 
our uotation (cf. [13, Proposition 3.1]). 

Definition 3.9. Let vr : F —> M be a principal G-bundle with a connection 1-form A and 7 : [a, b] —>■ 
M a path (a smooth curve). The horizontal lift of 7 with respect to A is a curve 7 ^ : [a,b] —)• P 
with the following three properties: 

(1) 7ro7f = 7; 

( 2 ) 7 ^(«) = and 

(3) G ker (a^a^)) for all t G [ 0 , 6 ]. 
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The parallel transport along the path 7 ; [a, 6 ] — >■ M defined by A is a G-equivariant diffeomorphism 
(i.e., a map of G-torsors) 

II 7 ■ -^7G) 


It is dehned by 

ll^(^) ■=lzib)- 


for all 2 : € P'y{a)- 


Lemma 3.10 (Parallel transport pulls back). Let {P — )■ M,A), [P' — >■ M',A') be two principal 
G-bundles with connections and f : P ^ P' a G-equivariant map with A = f*A'. Suppose also 
that / covers f : M ^ M'. Then for any horizontal lift 7 ^ of a curve 7 : [o, 6] ^ M with respect 
to A, the curve / o is a horizontal lift of the curve / o 7 : [a,b] —)■ M' with respect to A'. 
Consequently 

{f\Py) O 11^ = IIm ° ■ P- ^ PfivV (3-^) 

where x = 7(a) and y = 7(6). 

Proof. Let 7^ : [a, 6] —>■ P denote the horizontal lift of 7 starting at 2 G Then, since f*A' = A, 
the curve / o 7^ : [a, b] ^ P' is a horizontal lift of / o 7 starting at f(z) G Pf{x)' 

Proposition 3.11. Let P ^ M be a principal G-bundle with a connection 1 -form A. Let 70,71 : 
[ 0 , 1 ] —>■ M be two paths with sitting instances and H : [ 0 , 1 ]^ ^ M a thin homotopy from 70 to 71. 
Let p G P be a point in the fiber above 70 ( 0 ) = 71 ( 0 ) and let 70, 71 be the corresponding horizontal 
lifts that start at p. Then 

7o(l) = 7i(l)- 

Hence the parallel transport maps : Pyo(o) —> -^70(1) ai'e equal. 


Proof. Our proof is essentially that of [7, Section 6 ]). Pull back the principal bundle P —>■ M to 
[0,1]^ by the thin homotopy H. The result is a principal G-bundle H*P [0,1]^ and a map of 
principal bundles 

H : H*P P. 

Let z' denote the point in the fiber of Pl*P above (0,0) with H{z') = 2 . Let 0 be the curvature of 
A. Since P is a thin homotopy, = 0. Hence, the pullback connection A' := H*A is flat, and 
ker dehnes an integrable distribution on H*P. Since the square [0,1]^ is contractible there is a 
global horizontal section a : [0,1]^ —> H*P with it(0, 0) = z'. Then the restrictions of a to the four 
sides of the square [0,1]^ are horizontal lifts of the corresponding curves. By Lemma 3.10, H sends 
horizontal lifts to horizontal lifts. Hence, 


It also follows that 

s H{a{s,0)) and s H{a{s,l)) 

are the horizontal lifts of the constant curves s 1 —>• 7 ( 0 ) and s 1 —>• r(l); hence, they are constant 
curves themselves. Since H{a{0,0)) = P(fj(l,0)), the curve 

1 1 -^ H{a{l,t)) 

is the horizontal lift of r that starts at z = 7 ^(a), that is, r/. Since H{a{0, 1)) = 1)), 

771) = P(i)- 


□ 


Lemma 3.12. Suppose (P ^ M,A) is a principal G-bundle with connection, P : [/ x [0,1] —>■ M 
a smooth map (so that the associated map F : U ^ V{M) is a plot (q.v. Definition A. 19)), and 
Fq, Fi : U ^ M are the restrictions of P to C/ x {0} and U x {1}, respectively. Then the map 

T : F*P ^ F*P, ^{u,z) := 

is smooth. Here as before denotes parallel transport on the principal bundle P ^ M defined 
by A 

Proof. Recall that parallel transport ||^ : Py(o) ^ -^ 7 ( 1 ) defined by sending z G -^ 7 ( 0 ) fo 7^(1) 
where 7 ^ : [0,1] —>■ P is the horizontal lift of 7 starting at z. Recall also that the curve 

is an integral curve of a vector field X.y on 7 *P ^ [0,1]; X.y is the horizontal lift of ^ with respect 
to 7 *A. Similarly let X be the horizontal lift of the vector field (0, ^) with respect to P*A to the 
bundle P*P ^ ■ ^> U x [0,1]. Then for any {u, z) G Fq*P = {(«, 2 ) G P x P | u = tt{z)} the curve 

t ^ {u,F{u)f{t)) 

is an integral curve of X. Let <hi denote the time-1 flow of the vector field X. Then 

{u, 

for all {u, z) G Fq*P. It follows that 

which is smooth. □ 

Proof of Theorem 3.8. We need to check that (1) holM(P, A) is well-defined, (2) it is a functor and 
(3) it is a transport functor in the sense of Dehnition 3.5. 

Suppose X y is an arrow in n*’^™(M) and r G [7]. Then there is a thin homotopy H : 7 r. 
By Proposition 3.11 H-,, = ||t-. Hence holM(P, A) is well-defined. 

■j- 'y 

Let 2 : •(— y X be a pair of composable paths in M. Then by definition of multiplication in 

nthin(^) 

M = MW- 

On the other hand, by a well-known property of parallel transport 

I I '7"7 I I T ^ I 1 7 • 

Hence 

holM(P, A)([7'7]) = holM(P, A)([r])holM(P, A)([ 7 ]). 

Parallel transport along constant paths is identity. We conclude that holM(P, A) is a functor. 
Finally we check that for a point x G M 

holM(P, A)|^thin(j\^^,j,) : 7 r*‘'“(M,x) ^ Aut(Pj;) 

is smooth. By Lemma A. 16 it is enough to check that for any plot p : P —>■ D(M, x) on the space 
of loops at X the composite map 

\\o\m{P, A) o q o p : P —)• Aut(P,;) 

is C°°. Here q : D(M, x) —>■ x) is the quotient map. By construction of the C°° structure 

on Aut(P 3 ;) (see Lemma 3.4) any map L : U ^ Aut(Pj;) is smooth if and only if the map 

U 3 u d{z, L{u){z)) G G 
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is smooth for some z £ Px (the map d is defined in Remark 3.3). Thus since the map d : PxXPx ^ G 
is smooth, the smoothness of L : [/ —>■ Aut(P 3 ;) follows from the smoothness of the map 

U —>■ Px, u !->■ L{u){z) 

for some (any) choice of z £ Px- In the case we care about, this amounts to showing that the map 

U Px, U 1 -^ \ \p(u){^) 

is C°°. This fact, in turn, easily follows from Lemma 3.12. □ 

Definition 3.13 (The category B^G{M) of of principal bundles with connections). Principal G- 
bundles with connections over a manifold M form a category B^G. The objects are principal 
bundles with connections, that is, pairs {P — )■ M, A) where P —)■ M is a principal G-bundle and 
A £ g)^ a connection. Morphisms are connection preserving gauge transformations. That is 

a morphism from (P M, A) to (P' ^ M, A') is a G-equivariant map f : P ^ P' with tt' o / = tt 
and f*A' = A. 

Remark 3.14. The category B^G{M) is a groupoid since every gauge transformation is automat¬ 
ically invertible. 

Definition 3.15 (The category TransG(Tf) of G-transport functors). Fix a Lie group G and a 
manifold M. Transport functors on M form a category TransG(Tf): the objects are transport 
functors (q.v. Definition 3.5) and morphism are arbitrary (!) natural transformations. 

Remark 3.16. Since the category of G-torsors is a groupoid, a natural transformation between 
two transport functors is automatically a natural isomorphism. Hence, TransG'(M) is automatically 
a groupoid. 

Proposition 3.17. For a manifold M the assignment 

{P,A) I—)• \\o\m{P, A) 

of a transport functor to a principal bundle with a connection extends to a functor 

HoIm : B^G{M) TransG(M) 

from the category of principal G-bundles with connections over M to the category of transport 
functors. 

Proof. Let / : {P,A) —?• {P',A') be a morphism in B^G{M). We want to define natural transfor¬ 
mation holM(/) : holM(T’, H) ^ \\o\m{P' , A'). Let x y be an arrow in n*^“(M). By (3.4) the 
diagram 


Px- 

11 ^ 

-Py 



\f\Py 

p' 

^ X 

iia ' 

^ P' 

y 


commutes. Since \ \^ = \r\o\M{P, A) ([7]) and ||^ = holM^P', A') ([7]) it follows that the assignment 

f\p. 

is a natural transformation from holM^P, A) to ho\M{P',A'). We denote it by holM(/)- It is easy 
to check that the map 

holM : B^G{M) -£ TransG(M), {{P,A) A (P',H')) ^ (^holM(P,H) ho\M{P',A')^ 
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sends identity maps to identity natural transformations and preserves composition. In other words 
\\o\m is a functor. □ 

4. Equivalence of the categories of principal bundles with connections and of 

TRANSPORT FUNCTORS 

The goal of this section is to prove that the functor HoIm : G{M) —)• TransG(M) constructed in 

Proposition 3.17 is an equivalence of categories. Note that since our definition of transport functors 
is different from the one proposed by Schreiber and Waldorf in [20] this is not an alternative prove 
of an analogous result in [20]. Our proof is in the same in spirit as Barrett’s original proof [2]. 
The details are necessarily different since we are carefully keeping track of morphisms. We start by 
formally stating the theorem in question: 

Theorem 4.1. For every manifold M the holonomy functor 

holM : B^G{M) TransG(M) 

constructed in Proposition 3.17 is an equivalence of categories. 

We first reduce the proof of Theorem 4.1 to the case where the manifold M is connected. This 
is done to simplify the proof of Lemma 4.11 below. One can also prove Lemma 4.11 directly for 
arbitrary manifolds at a cost of additional hddling. 

Lemma 4.2. Suppose the functor \\o\m '■ B^ G{M) — >■ TransG(Tf) is an equivalence of categories 
for all connected manifolds M. Then \\o\m is an equivalence of categories for any manifold M. 

Proof. Fix a manifold M. We may assume that the set of connected components of M is indexed 
by a set I. Then 

M = y M„, 

a&I 

where the M^’s are connected components of M. Observe that 


B^G{M) = JJ B^G{Mc, 


and 


aei 


TransG(M) = TtansG{Ma), 


aei 

where n denotes product of categories. It is not hard to check that the diagram 

holM 


1 

B^G{M0) - 


hoi j 


nae/TransG(M„) 

I 

—s- TransG(M/3) 


(4.1) 


commutes for all /3 s/. The result follows from these observations. □ 

To prove Theorem 4.1 for connected manifolds we introduce a third category, BPG{M). To 
properly dehne this category we recall the notion of a (left) groupoid action (see [17], for example). 

Definition 4.3. A (left) action of a groupoid F = {Fi ^ Fq} on a set M consists of a map 
a : M —)• Fq called the anchor and a map 

a : Fi X£i,ro,a Af —>■ M, 0(7, m) = 7 • m 

called the action so that 

(1) 0(7 • m) = 1(7) for all 7 € Pi and m ^ M with 3(7) = a{m); 

(2) the identity arrows act trivially: la(rn) ■ m = m for all m G M; and 
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(3) T • (7 • rn) = {t^) ■ m for any two composable arrows r, 7 and any point m € M with 
5 ( 7 ) = a{m). 

Here, as before, t and s are the target and the source maps of the groupoid F, respectively. 

Definition 4.4. Fix a Lie group G and a manifold M. The category of BPG{M) of principal G- 
bundles over M with smooth actions of the thin fundamental groupoid n*^‘°(M) is defined as follows: 
the objects are smooth (left) actions a : V{M)/r^ x P —)• P of on principal G-bundles 

P ^ M that commute with the right actions of G. Morphisms are n’''^“(M) x G-equivariant maps. 
That is, they are maps / : P ^ P' of principal G-bundles so that 

fib] ■ b = [7] • fb) 

for all ([ 7 ],z) G P{M)I^ x P. 

There are several reasons for introducing this category. Note first: 

Lemma 4.5. A connection 1-form A on a principal G-bundle P M defines a smooth action a 
of the thin fundamental groupoid n*^“(M) := {'P{M)/r^ ^ M} on the manifold P relative to the 
anchor map vr. 


Proof. We define the map a : V{M)/^ x^^f P —> P by 

aib],z) := ll-y(z) 

for all pairs ([ 7 ],^) G P{M)/^ pairs ([ 7 ],^) with s([ 7 ]) = 7 ( 0 ) = 7r(z). 

Since = 2 : and, of any pair of composable paths 7 and r, ||.y o a is indeed an 

action. 

To check that the action a is smooth, pick a pair of plots p : U ^ V{M)/^ and r : U ^ P with 
5 o p = TT o r (q.v. Construction A.17, the construction of the fiber product diffeology). We need to 
show that a o (p, r) : P —)• P is G°°. We may assume that p has a global lift p : U ^ V{M). Then 

ao (p,r)(u) = ||p(„)(r(u)). 

Let P : P X [0, 1] ^ M denote the map associated to the plot p: F{u,t) := p{u){t). By Lemma 3.12, 
the map PqP —)■ FfP given by {u,z) ||p(u)' 2 ^ is smooth. Since r : U ^ P is smooth, u !->■ 

||p(„)(r(u)) is smooth as well. □ 


In fact, much more is true. We will show: 

• The map that sends a principal bundle with connection (P, A) to an action of on 

P extends to an isomorphism of categories tp : G{M) —)■ BPG{M); see Lemma 4.10. 

• There is a natural equivalence of categories rep : B^G^M) —)■ TransG'(M) so that the 
diagram 


B^G{M) T\'ansG(M) 



BPG{M) 


(4.2) 


commutes; see Lemma 4.11 and Remark 4.9. 

Clearly these two facts imply that \\o\m '■ B^G{M) TransG(M) is an equivalence of categories 
and thereby Theorem 4.1. We now proceed to define the relevant functors. 


Definition 4.6 (The functor rep : BPG{M) —>• TransG(M)). Given an action a : P{M)/^ Xm P 
P of the thin fundamental groupoid n''*^™(M) on a principal G-bundle P ^ M, define the associated 
transport functor rep(a) : n*^‘“(M) —>■ G-tors by 

rep(a) {x y) := P^ Py. 
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Here [ 7 ] • — denotes the action of [ 7 ] on the points of the fiber P^- Given two actions a and a' on 
principal G-bundles P and P' over M and a x G)-eqnivariant map f : P ^ P', define a 

natural isomorphism rep(/) : rep(a) rep(a') by 

rep(/)x := /|p, : Px ^ P'^ 

for all X G M. 

Remark 4.7. Note that, since a is a action, rep(a) is indeed a functor. Furthermore, since a is a 
smooth action, the map 

^thm(^,([ 7 ], 2 ) !->• [ 7 ] • z 

is smooth. Hence, since the category of diffeological spaces is Cartesian closed [16, 1], the adjoint 
map —>• Aut(Pa,) is smooth. Therefore rep(a) is a transport functor. We conclude that 

the functor rep is well-defined. 

Definition 4.8 (the functor tp : G{M) —)■ B^G{M)). Given a principal G-bundle with connec¬ 
tion {P,A) define an action tp{P,A) : V{M)/r^ Xm P —)• P of on P by 

for all ([ 7 ], 2 ) G V{M)/r^ Xm P (q-v. Lemma 4.5). 

Equation (3.4) implies that a map / : {P,A) {P',A') of principal G-bundles with connection 

intertwines the actions tp(P, H) and tp(P',H'). Hence f : P ^ P' is also a morphism in B^G{M). 

Remark 4.9. It follows easily from the definitions that rep o tp = hoi, that is, the diagram (4.2) 
commutes. 

We now state: 

Lemma 4.10. For a manifold M the functor tp : P^G(M) —)• P^’G(M) of Definition 4.8 is an 
isomorphism of categories. 

Lemma 4.11. For a connected manifold M the functor rep : P^G(M) —>■ TransG(M) of Defini¬ 
tion 4.6 is an equivalence of categories. 

The proofs of these two lemmas take up the rest of the section. Our proof of Lemma 4.10 is 
surprisingly fiddly. We first describe a procedure for building a smooth family of paths in V{M)/r^ 
from any path on M. 

Construction 4.12. Let (a, 6) be an interval containing 0 and 7 : (o, 6) —>■ M a smooth path in a 
manifold M for {a,b). We construct a smooth path (a plot) 

T : {a,b)^P{M) 

as follows. Let /3 G G°°([0,1]) be the function of Remark 2.2. Define 

T(s) (t) := j{s/3{t)) 

for all t G [0,1], s G (a, b). Since the map T : (a, b) x [0,1] —>■ M given by 

t(s,t) := 7(s/3(t)) 

is smooth, the map T is indeed a smooth path in the diffeological space V{M) of paths in M. Note 
that the path T satisfies T(0) = 1^, where denotes the constant path at x = 7 ( 0 ). Additionally 
T(s)(0) = X and T(s)(l) = 7 ( 5 ) for all s. 

Note also that the composite <7 o T is a smooth path in the space V{M)/^ of arrows of the 
groupoid n*^™(M) (here, as before, q : V{M) —> V{M)I^ is the quotient map). 
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Lemma 4.13. For any manifold M the functor tp : G{M) B^G{M) is bijective on morphisms 

and injective on objects. 

Proof. We first argue that the functor tp is bijective on morphisms. That is, for any two principal 
G-bundles with connection {P,A) and {P',A') over the manifold M, the map 

tp : HomBVG(M)((^:^)>(^'>^')) ^ HomsPG(M)(tp(F,^),tp(P',^')) (4-3) 

is a bijection. A morphism in Hom 5 PC(M)(tp(-P) ^0) is a map of principal bundles / : 

P ^ P' which is also equivariant (with the two actions defined by the connections A 

and A', respectively). A morphism in Hom 5 VG(M )((^)^)5 i® ^ of principal bundles 

h : P ^ P' covering the identity on M with h*A' = A. Thus the map (4.3) is a bijection if and 
only if any n*^“(M)-equivariant map of principal bundles preserves the respective connections. 

Given path 7 : [a, 6 ] —)• M, denote by 7 ^ its horizontal lift to P with respect to the connection 
A which starts at z £ -^ 7 ( 0 )- To prove that a n*’^™(M)-equivariant map of principal bundles 
f : P ^ P' preserves connections, it is enough to show that 

f°lz= lf{z) (4-4) 

for all curves 7 in M. This is because given a point x £ M and a vector v £ TxM, we can choose 
7 : (—e, e) —)■ M with 7 ( 0 ) = x and 7 ( 0 ) = v. Then 7 ^( 0 ) is the horizontal lift of v to T^P with 
respect to A. So if (4.4) holds, then 

Dfziizi^)) = 7/(^)(0). 

Consequently, since / is G-equivariant, we have to have 

fA' = A. 

To prove that (4.4) holds, hrst observe that if r : (—e, e) ^ P is a curve with tt o r = 7 , r(0) = z, 
and 

= Il7l[0,«l(^) 

for all s £ (—e, e), then r is the horizontal lift 7 ^ of 7 . This is because 7 ^ is the unique curve with 
7 ^( 0 ) = z and 7 ^( 5 ) = ||^|[o (^). 

By Construction 4.12 a path 7 : (—e, e) —M gives rise to a a smooth path T : (—e, e) —)• V{M) 
with T(0) = lx (the constant path at x = 7 ( 0 )), T(s)(0) = x, and T(s)(l) = 7 ( 5 ) for every 
s £ (—e, e). Consequently 

r(s) := [T(s)] • z 

is a smooth path in the principal bundle vr : P —>■ M with r( 0 ) = [lx] ‘-z = and with 'k{t{s)) = 7 ( 5 ). 
Moreover, by definition of the action of n**^™(M) on P, the point r(s) £ P is the image of z under 
parallel transport along the curve u{t) := 7 (s/ 3 (t)). Since u{t) is a “reparameterization” of 7 |[o,s], 
r(s) = || 7 [o^j for all s. We conclude that the curve r is the horizontal lift 7 ^ of 7 . Since / is 
nthm(j^7)_equivariant, 

f{T{s)) = /([T(s)] • z) = [T(s)] • f(z). 

By the same argument, the curve s 1 —>■ [T(s)] • f{z) is the horizontal lift 7 )^( 2 ) 7 H^nce 

(4.4) holds and we conclude that the map (4.3) is a bijection. 

The argument above also implies that if A and A' are two connections on a principal G-bundle 
P ^ M that dehne the same action of n**^™(M), then {idp)*A' = A, that is, A = A!. Therefore, 
the functor tp is injective on objects. □ 

It remains to show that the functor tp is surjective on objects; that is, an action of the thin 
fundamental groupoid n*^‘"(M) on a principal G-bundle P —)• M defines a connection. We prove 
this in a series of lemmas and corollaries. The first is a variant of a lemma due to Barrett [2]. 
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Lemma 4.14. Let Q —)• M” be a principal G-bundle with a smooth action of the thin fundamental 
groupoid and p : (— e, e) ^ x) C ■p(M"')/^ a smooth family of (thin homotopy 

classes of) loops with p(0) = [1^;], the class of the constant loop at x G M"’. Then 


A 

ds 


{p{s) ■z) = 0 

0 


for any point z in the fiber of Q above x. 


Proof. We may assume that the path p : (—e, e) —> has a global lift p : (—e, e) — 

Then 

{p{s)){t) = {pi{s,t), . . . ,Pn{s,t)) 

for some smooth functions pj : (—e, e) x [0,1] —> M with pj{0,t) = xj for all t. Consider the map 
P : (e, e)” V(MP) defined by 

P{si,...,Sn){t) = {pi{si,t),...,Pn{Sn,t))-, 

it is also a plot for ■p(M"'). We then have 

p{s) = qoP{s,...,s) = [P(s,..., s)], 

where q : ^ is the quotient map. Since the action of on the bundle Q 

is smooth, the map 


F : (-e, e)” ^ Q, F{si ,..., s„) := [P{si ,..., s„)] • z 

is smooth. For each s € (—e, e), the paths s !->■ P{s, 0,... , 0), s !->■ P{0, s,... , 0),..., s !->■ P{0, ..., 0, s) 
are all thinly homotopic to the constant path lx- 
It follows that 


dF 

dsj 


( 0 ,..., 0 ) =0 


for all j. 

By the chain rule 


^Jp{s) ■ Z) 



□ 


Corollary 4.15. Let Q —>• M” be a principal G-bundle with a smooth action of the thin fundamental 
groupoid as above and r, r' : (— e,e) —x) C VCSP)/^^ be two smooth maps 

with r(0) = r'(0) = [la;], x € M"", and t(r(s)) = t(r'(s)) for all s G (—e,e). Then 


d 

ds 


(r(s)■ z) 


for any point z in the hber of Q above x. 


A. 

ds 


{t'{s) ■ z) 

0 


Proof. By assumption, p{s) = t{s) is a loop for each s G (—e,e) and p(0) is the constant 

loop [la;]. Note that 

T^(s) = t(s) • r(s)“^ • t'{s) = t{s) - pis). 

Hence 


A 

ds 




(r(s) • {p{s) ■ z)) 


Since the action of n’'““(M) on Q is smooth the map F : (—e, e)^ ^ Q dehned by 

F{si,S 2 ) = t{si) ■ (p(s 2 ) ■ z) 
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is smooth. By the chain rule 


dF 


dF, , dF, , 


Hence 


A 

ds 


{r»..)=- 


(r(s) • (p(0) -4)+ ^ 


(t(0) ■ (p(s) ■ z)). 


By Lemma 4.14 the second term is zero, and we are done. 


□ 


Lemma 4.16. Let vr : Q be a principal G-bundle. A smooth action a : {V{W ^)/—)> 

Q of the thin fundamental groupoid on Q defines a connection A (which is necessarily 

unique by Lemma 4.13) so that for any path 7 ; [0,1] ^ M” and any point z in the fiber Qx above 
X = 7(0) 

[7] - z = 7^(1). 

Here, as before, 7^ : [0,1] ^ Q is a lift of 7 to Q which is A-horizontal and starts at the point 2. 


Proof. As we have seen in the proof of Lemma 4.13, an action of on a principal bundle 

Q —>■ M” allows us to lift curves of the form 7 : (—e, e) ^ M”’ to Q. Thus, given a point x € M"' and 
a point z € Q in the fiber above x, it is tempting to define the horizontal subspace ?{Qz C T^Q by 


nQz := 


4 

ds 


[T(s)] • z 


s=0 


T{s){t) = 7('S/3(i)), 


7:(-Te)^M-,7(0) 



(4.5) 


Here as before T is the smooth path in V{M) constructed from the path 7 (q.v. Construction 4.12). 
However, it is not clear that (4.5) dehnes a vector space. Nor is it clear that curves of the form 
s i-7> [T(s)] • 2: are tangent to the purported distribution % when s 7^ 0. We therefore proceed a 
little differently. 

Consider the map 


a a{x,y){t) := x + f3{t){y - x), (4.6) 

for all t € [0,1]. Here as before (3 G (^““([0,1]) is the function of Remark 2.2. The map a is smooth 
since the map d{x,y,t) := x + I3{t){y — x) is smooth. We denote the induced plot on the space of 
arrows of the thin fundamental groupoid n*’^“(M") by [cr]. By construction, [a{x,y)] is the thin 
homotopy class of the straight line paths from x to y with [cr(x, x)] = [Ij,], the class of the constant 
path. 

Next consider the smooth map 


F:R^xQ^Q, F{y,z) ■.= [a{-K{z),y)\ ■ z. 


By construction 

Thus for each fixed z a P the map 


4F{y,z)) = y. 
F{-,z) : M” ^ Q 


is a smooth section of tt : P —>■ M” with 


F{-k{z), z) = [a(7r(2;), 7r(2;))] ■ 2 ; = [1^(^)] -2 = 2 . 

Denote the derivative of this section at ?/ G M” by diF{y,z). By definition, the derivative 
diF{T:{z), z) is a linear map from to T^Q. We define 

PLQz := image {diF{7r{z), z) : r^(2)M"- T^Q) . 

Since y 1-^ F{y,z) is a section of tt, the image of its differential at every point is a subspace 
complementary to the vertical bundle of vr : Q —)■ M”. Since F : M” x Q ^ Q is smooth, the map 
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z !->• diF{'K{z), z) is smooth. It follows that the subspace l-LQz depends smoothly on z G Q. Since 
the action of 11*''^“(M”) on Q commutes with the action of G, 

F{y, z-g) = [cr( 7 r (2 • g),y)] ■ {z ■ g) = {[a{'K{z),y)\ ■ z) ■ g = F{y, z) ■ g 


for any y G M”, z (z Q and g ^ G. Consequently, T-LQ C TP is a G-invariant distribution. Denote 
the corresponding connection 1 -form by It remains to check that [7] • 2: = 7 ^( 1 ) for a path 
7 : [0,1] —>■ M” and any point 2 in the fiber Q.y(o) above 7(0). 

Since 7 is smooth, there is e > 0 and an extension of 7 to a smooth map from (—e, 1 + e) to M”. 
We denote the extension by the same symbol 7. Consider the corresponding path T : (—e, 1 -|- e) —>• 
P(M"') satisfying T(s)( 0 ) = 7(0) and T(s)(l) = 7(5) for any s G (—e, 1 -|- e) (Construction 4 . 12 ). 
We want to show that 

[T(s)] • 2; G P[t(s)]- 2Q 
for any sq G [ 0 , 1 ], and any 2: G <57(0) • Note that, by Construction 4 . 12 , 

vr([T(.)]. 2 ) = t([T(.)]) = T(s)(l)=7(s). 

Set zq := [T(so)] • 2:. Then: 


We next consider two paths in P(M"’)/^ defined on (—e,e): 

r(s) = [T(s + so)][T(.o)]-' 

and 

r'(s) = [(7(7 (so),7('S + so))], 

where a is defined by (4.6). These two paths satisfy the hypotheses of Corollary 4.15. Hence 


A. 

ds 


[T(s)] • 2 = 


s=so 


A. 

ds 

A. 

ds 

A_ 

ds 


[T(s -h So)] • 2 ; 

([T(s + so)][T(so)]-')-([T(so)]-z) 
([T(s + so)][T(so)]"^) -zo 


A. 

ds 


d 

ds 


r(s) • 20 

s=0 


A_ 

ds 


r'(s) • 20 . 

s=0 


(4.7) 


By construction of the path t' and the distribution P, the right hand side of (4.7) is a vector in 
F-zoQ = 'H-[r(s)]-zQ- Hence [T(s)] • 2 = t(s) • 20 G P[t(s)].zQ as well. □ 


Lemma 4.17. Let tt : Q —M be a principal G-bundle. An action a : {V{M )/Q —>• Q of 
the thin fundamental groupoid n**^™(M) on Q defines a unique connection A so that for any path 
7 : [ 0 , 1 ] — >■ M and any point 2 in the fiber Qx above x = 7 ( 0 ) 

[ 7 ] ■z = li{l). 


Proof. For any point x G M there is a coordinate chart (p : U ^ M"' on M with x G P and (f a 
diffeomorphism. Since the desired connection A would have to be unique (see Lemma 4.13), it is 
enough to define it on restrictions Q\u where U C M is a domain of a diffeomorphism (p : U ^ M”. 

The action of n*^™(M) on Q defines a smooth action of n*'^“(P) on Q\u. The diffeomorphism cp 
allows us to transfer this action to an action of n*^“(M”) on the principal G-bundle {(p~^)*Q —^ M”. 
By Lemma 4.16, the action of n*^'°(M”) defines a connection on (ip~^)*Q —>■ M”. Its pullback to 
Q\u ^ U defines the restriction of the desired connection A io Q\u. □ 
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Proof of Lemma 4 .10. By Lemma 4.13 the functor tp is bijective on morphisms and injective on 
objects. By Lemma 4.17 it is also surjective on objects. Therefore, tp is an isomorphism of 
categories. □ 

To prove Lemma 4.11 it will be convenient for us to define principal diffeological bundles over 
manifolds. Note that our definition is different from the one in [11]. 

Definition 4.18. Let ^ be a diffeological group. A diffeological space is a principal ^-bundle 
over a manifold M if the following three conditions hold: 

(1) there is a surjective map w : ^ M which has local sections: for any point x G M, there 

is a neighborhood U of M and a smooth section a : U ^ of w, 

(2) there is smooth right action of Q on 

(3) the map x Q ^ given by ip{z,g) := {z,z ■ g) is an isomorphism of 

diffeological spaces. 

Lemma 4.19. Let M be a connected manifold. Then for any point x G M the fiber s“^(a:) of 
the source map 5 \V/^ M of the groupoid n*^“(M) with the subspace diffeology is a principal 
x) bundle over M; the projection w : 5~^{x) —)• M is the restriction of the target map 
i:V/^^ M: 

Proof. Since the multiplication m in the fundamental groupoid is smooth, the map 

:s~^{x) X 7r^^“(M,x) ^5~^{x) '0(['r],[7]) := ([r],[r][7]) 

is smooth. If [ri], [T2] G s“^(x) have the same target, then [Ti]“^[r2] is a loop in 7r^^“(M,x) and 
[^2] = [n]([n]“^['r2])- Hence the map 

([n],[r2])^([ri],[ri]-nr2]) 

is a smooth inverse of if. 

By Lemma A.26, the map w = t|3-i(a;) : s“^(x) —?> M has local sections. □ 

Lemma 4.20. Let Q ^ ^ M be a diffeological principal bundle. Suppose the diffeological 

group Q acts smoothly on the left on a manifold T. Then the associated bundle 

^x^T:={^ X T)/Q 

is a manifold; the left action of ^ on x T is given by 7 • {z,t) = {z ■ 7“^,7 • t). Moreover, 
TT : ^ x^ T — >■ M, given by vr([z, t]) = w{z), makes ^ x^ T into a fiber bundle over M with typical 
fiber T. Additionally, if T is a G-torsor for a Lie group G and Q acts on T by torsor automorphisms, 
then TT : ^ x^ T ^ M is a principal G-bundle. 


Proof. By Definition 4.18 the map if : ^ x Q ^ ^ Xro,M,ro given by if{z,g) := {z,z ■ g) is 
an isomorphism of diffeological spaces. By composing its inverse if~^ with the projection on the 
second factor, we obtain a smooth map 

d : 3^ Xm 3^ ^ G 


characterized by 


ZI • d{zi,Z2) = Z2 

for all points (21, Z 2 ) in the fiber product 3^Xm3^- Consequently, if Sa ■ Ua ^ 3^ and Sj^ -.Up ^ 3^ 
are two local sections, then 


Sq,(x) • d{Sa{x), Sp{x)) = Sp{x) 

for all X G Da n C/g. A local section Sa : Ua ^ 3 ^ defines a smooth map 


aa ■. Ua X T ^ (3^ x^ T)\u^, (Ta{x,t) := [Sa(a:),t]. 
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By construction, the diagram 


UaXT^^{^xST)\u^ 



Ua 


commutes, where pri is the projection on the first factor and TT{[z,t]) := tu{z). 

The map aa has a smooth inverse: given x € C/q, and z G ■= we have 

Sa{x) ■ d{Sa{x),z) = Z. 

Hence, for all t G T, 

[z,t] = [Sa(x) • d{Saix),z),t] = [s„(x), d(Sa(x), z) • t]. 


(4.8) 


Consequently 

= {m{z),d{sa{^{z)) ■ t) 

is smooth. We conclude that aa ■ Ua x T ^ T)\u^ is an isomorphism of diffeological spaces. 

Now choose an open cover {Ua} of the manifold M so that for each index ce, the restriction 
^\Ua Ua has a section Sa- Then the images of the corresponding trivializations aa ■ Ua x T ^ 
^ x^ T cover ^ x^ T. Any diffeological space that has an open cover consisting of manifolds is 
itself a manifold [11, Section 4.2, p. 78]. Therefore the diffeological space ^ x^ T is a manifold. 
Moreover, since diagram (4.8) commutes, tt ■. HP x^ T ^ M is a locally trivial fiber bundle with 
typical fiber T. 

Additionally, if T is a G-torsor for a Lie group G and Q acts on T by torsor automorphisms, then 
^x^T admits a right G action. By construction, the local trivialization maps aa ■ UaXT ^ ^x^T 
are G-equivariant. It follows that it : ^ x^ T ^ M is a principal G-bundle. □ 


Proof of Lemma 4-11. Let a : F ^ F' he a natural isomorphism between two transport functors. 
Fix a point x G M. Then ax : F{x) F'{x) is a map of G-torsors. Hence, it defines a smooth, 
(^thin(ji^^ x) X G)-equivariant map: 

{id, ax) : s~^(a:) x F{x) —s“^(x) x F'{x). 


This map descends to a smooth G-equivariant map on the quotient 

[id, ax] : (s“^(x) x F(x))/7r5^™(M, x) —(s“^(x) x F'{x))/{M, x). 

There is also a natural action of n*'^“(M) on s“^(x) that descends to an action on the quotient. 
Since [id, ax] is n*^“(M)-equivariant the procedure defines a functor 

assoc : TransG(M) — B^G{M). 

For any principal G-bundle P ^ M with an action a of n*'^“(M), the principal G-bundle assoc(rep(a)) 
is naturally isomorphic to the bundle P. The isomorphism 

r/p : (s-i(x) X Px)/7rf^^^{M,x) P 


is defined by 


vp{{[h],^])) ■= [ 7 ] • 


Conversely, any transport functor F : n*^™(M) —)■ G-tors is isomorphic to the transport functor 
rep(assoc(F)). To see this, note first that rep(assoc(F)) is defined on objects by sending y € M to 
the fiber of the bundle assoc(F) above y. This fiber is the torsor 


{[[7],2:]GS ^{x) X F{x)/g [-/{!) =y} . 
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The natural isomorphism e : rep(assoc(T)) => T is given by 

Ey : [[7], 2;] F {[- i ]) z . 

It is well-defined. It follows that the functor rep : B'PG[M) —)■ TransG(Tf) is an equivalence of 
categories. □ 


Part 2. Parallel transport and stacks 

From now on we assume that the reader is familiar with stacks over the site of differentiable 
manifolds. The standard references are Behrend and Xu [3], Heinloth [10] and Metzler [18]. We 
will primarily think of stack X over the site Man of manifolds as a category fibered in groupoids 
(CFG) that satisfies descent. One can also think of stacks over Man as lax presheaves of groupoids 
with descent. Grothendieck construction (see for example [22]) converts lax presheaves into CFGs. 
A choice of cleavage turns a CFG into a lax presheaf. Finally recall that any Lie groupoid F = 
{Fi ^ Fq} has a stack quotient [Fq/Fi]: it is a category fibered in groupoids over Man whose 
objects are principal F-bundles (see [15] for example). It is well known that stack quotients, as the 
name implies, are stacks. 


5. Holonomy functor as an isomorphism of stacks 

We start by constructing a presheaf of groupoids out of the assignment of transport functors to 
manifolds. 


Lemma 5.1. The assignment 


M !-)■ TransG(M) 

extends to a contravariant functor, that is, a strict presheaf of groupoids 

TransG : Man°^ —> Groupoid 

from the category of manifolds to the category of groupoids. 


Proof. We need to check that for any smooth map f : N ^ M between manifolds, we have a map 

f* : TransG'(M) —>■ TransG(X) such that, for a pair of composable maps Q \ N ^ M, we have 
If o h)* = h* o f* and that id\j = idTranscM- 

Since LI*^™ is a functor from the category of manifolds to the category of diffeological groupoids, 
for any smooth map f : N ^ M between manifolds, we have a morphism n*^‘°(/) : 11*^™(A^) —)■ 
nthin(^) between diffeological groupoids (see Proposition A.27). In particular n*'^“(/) : V{N)/^ 

is a map of diffeological spaces and so is the restriction n*^“(/))|^thin(jY a,) point 

X ^ N. If T : n*^“(M) ^ G-tors is a transport functor then, by definition, for any x ^ N the map 
: 7r[;^“(M,/(x)) —>■ Aut(r(/(a;))) is smooth. Gonsequently the map 

(T O n*^“(/))|^thm(^ 3 ,) = O (11^*^™ (/) |^thin 3 ,) ) 


is smooth as well. Thus, 


f*T := Ton 


thin 


if) 


is a transport functor. Since LI**^™ is a functor, 


(/ o h)*T = To n**"“(//i) = To n**"“(/) o n**"“(/i) = h*{f*T). 


Since i^dM)* = fdTransG(M) for all manifolds M. 


□ 


Grothendieck construction [22] applied to the presheaf of groupoids Transc produces a category 
TrunSfj which is fibered in groupoids over the category of manifolds Man. Explicitly we define 
TmnSfj as follows. 
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Definition 5.2 (the category Transg- of transport functors over the category Man of manifolds). 
The objects of Trans ,^ are pairs {M,F) where M is a manifold and F G TransG'(M) is a transport 
functor. A morphism of Trans r- from (N, H) to (M, F) is a pair (/, a) where / : —>• M is a 

smooth map of manifolds and a : F o H is a natural isomorphism. 

The functor vjt ■ Trans ^ —Man is given on arrows by 

zut{{N, H) (M, F)) = {N U M). 

We would like to extend Theorem 4.1 to a statement about maps of stacks. As a first step we 
prove 

Lemma 5.3. The collection of functors 

{HoIm : B^G{M) TransG(M)}MGMan 

extends to a functor 

hoi : B^G TransG, 

which is a morphism of categories fibered in groupoids over Man. 

Proof. Let f : {P ^ M, A) —>■ {P' —)• M', A') be a map of principal G-bundles with connections. 
The connections A and A' define transport functors hol(P, A) : —)• G-tors and hol(P', A') : 

nthin(^^/) G-tors, respectively. We need to define a morphism 

hol(/) : ho\{P,A) ho\{P',A') 

in TransG. Such a morphism is a pair of the form (/, rj) where rj : hol(P, A) => hol(P', A') o n*^“(/) 
is a natural transformation (see Definition 5.2 above) and f : M ^ M' the induced map on the 
base. 

Recall that the objects of the groupoid n*^“(M) are points of M. For each point x G M, define 

TTjx '■= f\p^ '■ Px —t 

We check that the collection {rix\x&M is a natural transformation. Since (3.4) holds, the diagram 


Px 


P 


fb 


P- 

/(^) 


1/07 


y 

f\Py 


P'- 

f{y) 


(5.1) 


commutes. By definition, hol(P, A)([ 7 ]) = ||.y, the parallel transport along 7 in P defined by the 
connection A. On the other hand n*’^™(/)([ 7 ]) = [/o 7 ] and hol(P', A')([/ 07 ]) = Therefore 

the diagram 


Px 


hol(P,A)([7]) 


P. 




Vy 


pL _^ pL 

hol(P',A')o(n‘“n(/))([..),]) By') 


(5.2) 


commutes for every arrow x y in n’'*^™(M). Therefore rj is a natural transformation. Thus 
hol(/) is a morphism in Transg. 

It is not hard to check that hoi is actually a functor. Finally the functor hoi commutes with the 
projections wb '■ B^G —>■ Man, wt ■ TransG — t Man to the category of manifolds since 

WBif : {P ^ M, A) ^ (P' ^ M', A')) = f 
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and 


n7T(hol(/ :{P^M,A)^ {P' ^ M', ^0)) = rj) = f. 

□ 

We are now in position to state and prove the main result of the paper. The proof is short since 
most of the work has already been done. 

Theorem 5.4. The functor 

hoi : B^G TranSfj 

is an equivalence of categories fibered in groupoids over Man. 

Proof. Recall that a functor between two categories fibered in groupoids is an equivalence of cate¬ 
gories if and only if its restriction to each fiber is an equivalence of categories; see for example [22, 
Proposition 3.36]. By Theorem 4.1 for each manifold M the functor ho\M ■ B^G —> Trans^ fM) = 
TransG'(M) is an equivalence of categories. □ 

As an immediate corollary of Theorem 5.4, we obtain: 

Corollary 5.5. The category Trans ,^ of transport functors is a stack over the category (site) Man 
of manifolds. 

Proof. Since the CFG Transg- —> Man is equivalent to the CFG B^G —Man and since B^G is a 
stack, Transg. is a stack. □ 

6. Principal bundles over stacks and parallel transport 

In this section we work out some consequences of Theorem 5.4 for principal bundles with con¬ 
nections over stacks. We start with a definition of a principal G bundle over a stack (where as 
before G is a Lie group) which is known to experts [4, 5]. We then define principal bundles with 
connections over stacks and the associated parallel transport. We prove that for each stack X the 
functor hoi induces an equivalence between the category of principal G-bundles with connections 
over X and the category of corresponding transport functors. 

Definition 6.1. Let G be a Lie group. A principal G-bundle over a stack X Man is a a 1-morphism 
of stacks p : A —>• BG, where BG denotes the stack of principal G bundles. 

There several reasons why this definition makes sense. 

• If the stack A is a manifold M then by 2-Yoneda (see [22], for example) there is an equiv¬ 
alence of categories [M, RG] ^ BG{M). Under this equivalence a functor p € [M,BG] 
corresponds to the principal bundle p{idM) over M. Thus functors p : M ^ BG “are” 
principal G-bundles over M. 

• Suppose the stack A is a stack quotient [To/Ti] of a Lie groupoid T. The bicategory Bi 
of Lie groupoids, bibundles and bibundle isomorphism is 2-equivalent to the 2-category of 
geometric stacks over Man (see [15] or [6]). Consequently the functor category [[Fo/Fi], RG] 
is equivalent to the category of bibundles from F to the action groupoid {G ^ *}: 

[[Fo/Fi], RG] ^ {P : {Fi =1 Fq} ^ {G =1 *} j P is a right G principal bibundle }. 

Any bibundle P : {Fi ^ Fq} —> {G ^ is a principal G bundle over the Lie groupoid F 
(see [14]). 

• The functor category [[Fo/ri],PG] is also equivalent to the cocycle category PG(Fi ^ Fq) 
(see Definition 6.5 and Proposition 6.6 below). Objects of the cocycle category PG(ri 
Fq) are again principal G-bundles over the groupoid F. In particular, if the groupoid F is a 
cover groupoid arising from a cover {Ua} of a manifold M then the objects of the cocycle 
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category are Cech cocycles with values in the Lie group G. Hence they “are” principal 
G-bundles over the manifold M. 

By analogy with the notion of a principal G bundle over a stack X we define principal bundles 
with connections and parallel transport functors over X as follows. 

Definition 6.2. Let X he a stack over Man and G a Lie group. We define the category of principal 
G bundles with connection over the stack X to be the functor category [X,B^G]. 

In particular a principal bundle with connection over a stack X is a 1-morphism of stacks F : X ^ 
B^G. 


Definition 6.3. Let X he a stack over Man and G a Lie group. We define the category of parallel 
transport functors over the stack X to be the functor category \X, Trans^ ]. 

In particular a parallel transport functor on a stack X is a 1-morphism of stacks T : X ^ Trans^ . 

We have the following extension of Theorem 4.1 from manifolds to stacks. 

Theorem 6.4. For any stack X over the category of manifold the functor hoi : B^G Tmnsg- 
induces an equivalence of categories 

hoU : [X,B^G] [T'. Transr^ ]. 

where the functor hoi* is defined by 

hoU(a : F => F[) := (hoi o a : hoi o F ^ hoi o H) 

for a morphism {a : F ^ H) ^ [X, B^G], 

Proof. Since hoi is an equivalence of categories so is hoi*. □ 

We now interpret the results of the above theorem more concretely in terms of the cocycle 
category. Recall that a Lie groupoid T = {Ti r 2 } gives rise to a simplicial manifold. In 
particular we have three face maps 

di : Fi Xtq Ti —Ti, i = 0,l,2 

which are defined by 

c^o( 7 i, 72 ) = 72 , ^ 1 ( 71 , 72 ) = 7172 and ^ 2 ( 71 , 72 ) = 71- 

Definition 6.5 (The category T(F) of F cocycles ). Let F = {Fi ^ Fq} be a Lie groupoid and 
X —> Man a category fibered in groupoids. We define the category d:’(F) of F cocycles with values in 
X as follows. The objects of T’(F) are pairs {p, ip) where p is an object of T’(Fo) and ip : s*p —>• t*p 
is an arrow in T’(Fi). The morphism ip is subject to the cocycle condition 

d^ip o d^ip = d\ip, 

where d* : Fi Xpo Fi —>■ Fi are the face maps defined above. A morphism from (p, ip) to {p', ip') is a 
morphism a : p ^ p' in A’(Fo) such that the diagram 



commutes. 


The following fact is well-known to experts. 
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Proposition 6.6. Let L be a Lie groupoid and X —> Man a category fibered in groupoids. There 
is a canonical functor 


S: [[ro/ri],T’] ^T(r) 


from the functor category [[Lo/Li], T] to the cocycle category T’(r). 

If moreover T” is a stack then S is an equivalence of categories (i.e., an isomorphism of stacks). 


Proof. We follow the custom of identifying a manifold M with the stack Hom(-, M) without further 
comment. Recall that the stack quotient [Lo/Li] is a geometric stack. The canonical atlas p : 
Lq —)■ [Tq/Ti] is characterize by the fact that p{idrQ) is the principal T bundle t : Ti —>■ Tq (see 
[15]). Recall further that the manifold Ti is the 2-categorical fiber product To Xp [rg/ri],p To and 
the diagram 


Ti 




To ^ [To/Ti] 


2-commutes. Also 

(/3 o d2) * {(3 o do) = P o di (6.1) 

as natural isomorphisms from p o s o do = p o s o di to p o t o d 2 = p o t o di (here * denotes the 
vertical composition of natural transformations). Consequently for any CFG A —^ Man and any 
1 -morphism / : [To/Ti] —>■ A of CFGs we have a natural isomorphism 


fofj: fopos^fopot 


satisfying 

Consider now the object P := 


(/ o /3 o da) * (/ o /3 o do) = / o /3 o di. 

if op) (idro) G A’(Fo). For any map /i : Fi Fq 

ifopoh) (idrj = h*{{fop) (idro)) 


( 6 . 2 ) 


Consequently 


P ■= if ° 13) (idri) 

is an isomorphism in A’(Fi) from s*P to t*P. Equation (6.2) translates then into the cocycle 
condition 


(davj) o {d^ip) = dip. 

Therefore the pair (P = {fop) (idr^), P = {f o j3) (idri)) is an object of the cocycle category A’(F). 
This defines the functor S on objects. Similarly given a morphism 7 : / ^ d in the functor category 
[[Fo/Fi], A] we get a morphism 


a = (7 op) (zdro ): if op) {idr^) ^ {hop) {idr^) 


in A’(ro). It is not hard to check a is a morphism in A’(r) from S(/) to S(/i). This defines the 
functor S on morphisms. 

A proof that S is an equivalence of categories if A is a stack is a bit more involved. We refer an 
interested reader to [19] [Proposition 3.19]. □ 


We are now in position to reformulate Theorem 6.4 for geometric stacks in terms of cocycles. 


Theorem 6.7. For any Lie groupoid F the functor hoi induces an equivalence of categories 

hoir : B^G{r) Trans^ fF). 
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Proof. By Theorem 6.4 the functor categories [[TO/Ti], and [[rO/Ti], Trans^j] are equivalent. 

By Proposition 6.6 the first functor category is equivalent to the cocycle category B^G{T) and the 
second functor category is equivalent to the cocycle category TranS(^(r). □ 

Alternatively one can view Theorem 6.7 as an instant of the following general fact: 

Proposition 6.8. Suppose T is a Lie groupoid, X,y ^ Man are two categories fibered in groupoids 
and F : X y IS a 1-morphism of fibered categories. Then the functor F induces a functor 

Fr : T(r) ^ T(r) 

between cocycle categories. Moreover if F is an equivalence of categories then so is Fr- 
We discuss a proof of Proposition 6.8 in Appendix B. 

Part 3. Appendices 

Appendix A. Diffeological spaces and diffeological groupoids 

The goal of this section is to recall two definitions and some properties of the category Diffeol 
of diffeological spaces and to prove the folklore result that the thin fundamental groupoid is a 
groupoid internal to the category of diffeological spaces. We start by recalling the “traditional” 
definition of a diffeological space, which is due to Souriau [21]. A similar notion was independently 
introduced by K.-T. Chen [8, 9]. Our primary references are [11] and [1]. 

Definition A.l (Diffeology). A diffeology on a set A is a collection of functions 

Dx C {f :U ^ X \ U open, n G N} 
satisfying the following three conditions: 

(1) every constant map is in Dx', 

(2) if P C M”* is open, / : 17 —>■ A is in Dx, and g : V U is a smooth map, then the 
composite / o ^ : P —> A is also in Dx ; 

(3) if {Ui} is an open cover of F C M” and / : F —)■ A is a map of sets such that f\ui —> A is 
in Dx, then f : U —>■ A is in Dx- 

The pair {X,Dx) is called a diffeological space, and the elements of Dx are called plots. 

Remark A.2. Just as in the case of topological spaces, it is common to refer to a diffeological 
space {X,Dx) simply as A with the choice of a diffeology Dx suppressed from the notation. 

Example A.3. Any smooth manifold M is a diffeological space. The set in question is the under¬ 
lying set of the manifold M, and the collection of plots Dm consists of all smooth maps from all 
open subsets F of jj^o manifold M. 

Definition A.4. A map of diffeological spaces or a smooth map from a diffeological space {X,Dx) 
to a space (Y, Dy) is a map of sets f : X ^ Y such that for any plot p : F ^ A in Dx, the 
composite / op is in Dy. 

Remark A.5 (The category Diffeol of diffeological spaces). The composite of two smooth maps 
between diffeological spaces is smooth. Thus, diffeological spaces and smooth maps form a category 
which we denote by Diffeol. It is well-known [11] that the category of manifolds embeds into the 
category of diffeological spaces. That is, a map / : M —A between two manifolds is smooth in 
the diffeological sense if and only if it is a smooth map of manifolds. 

The category Diffeol has many nice properties [16, 1]. For instance, it has all small limits and 
colimits. Also the space of maps between two diffeological spaces is again naturally a diffeological 
space. It will be useful for us to write down explicitly several corresponding constructions. We 
start with a definition. 
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Definition A. 6 (Subspace diffeology). Let {X,Dx) be a diffeological space and V C X a subset. 
The subspace diffeology Dy is the set: 

Dy := {(p:U^X)GDxl p(U) C ¥} 

To introduce the quotient diffeology it is convenient to switch our point of view and think of 
diffeological spaces as certain kinds of sheaves of sets. 

Definition A.7 (The category Open). The objects of the category Open are by definition all open 
subsets of all coordinate vector spaces M"", n > 0, or, equivalently, open subsets of ^ 

morphism in Open from an open set U to an open set y is a smooth map f : U ^ V. 

Definition A.8. A (set-valued) presheaf 7^ on a category Open is a contravariant functor from 
Open to the category Set of sets; 

TZ : Open°^ —> Set. 

Notation A. 9. Given a presheaf TZ : Open°^ — )• Set and an arrow f : U ^ V m. Open, we get a 
map of sets TZ{f) : TZ{V) —)• TZ{U), which we think of as a pullback along /. Thus, given an element 
s G TZiy), we denote TZ{f)s G TZ{U) by f*s. li U dV and / is the inclusion, we may also write 
s|{/ for f*s. 

Definition A.10. A presheaf S : Open°^ —> Set is a sheaf if for any open set U G Open, any open 
cover {Ui}i^i of 17, and any collection of elements Si G SiUi) with 

Si\uinUj = Sj\uinUj-, 

there exists a unique element s G S(U) with 

s\ui = Si. 

Example A. 11. Any set X defines a sheaf A on Open: 

XiU 4 V) := Map{U,X) Map{V,X), 

where Map(U, X) denotes the set of maps from U to X and f* denotes the pullback by /. Note 
that for the one element set * := G Open the evaluation map 

A(*) = Map{*,X) ^X 

is a bijection of sets. 

Definition A. 12. A presheaf TZ : Open°P ^ Set is subpresheaf of a presheaf S : Open'’^ —> Set if 
for every open set U G Open 

TZ{U) C S{U). 

We are now in position to define diffeologies in terms of sheaves. 

Definition A.13 (Diffeology, as a sheaf). Let * be the one element set A diffeology D = Dx 
on a set A is a subsheaf of the sheaf A, defined in Example A.11, such that D{*) = A(*). 

Remark A.14. If D is a diffeology on a set A in the sense of Definition A.13, then D(U) C 
A(17) = Map{U, X) for any U G Open. It is for this reason that elements of D{U) may be thought 
of as the plots of Definition A.l. 

Since the category of diffeological spaces has all small colimits (see [1]), it has quotients. Explicitly 
they can be constructed as follows. 
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Construction A.15 (Quotient difFeology). Let {X,Dx) be a difFeological space, R C X x X an 
equivalence relation, Y = X/R the set of equivalence classes and q : X ^ Y the quotient map. The 
quotient difFeology Dy on Y is constructed as the sheafification of the presheaf Dpre{Y) defined by 

DpreiY) ■.= {p -.U ^Y \ there is (p : 17 —X) G Dx with qop = p}. 

Explicitly, for any open U C M"", a map p : U —)• T is a plot in the quotient diffeology Dy if and 
only if for every u (z U there is an open neighborhood V of u in 17 and p : V ^ X with 

qop = p\v. 

The quotient map q : {X, Dx) —>■ {Y, Dy) has the following universal property. Give the product 
X X X the product diffeology Dx x Dx{see Remark A. 18 below) and R C X x X the subspace 
diffeology. Then X Y is the coequalizer of the diagram R ^ X in the category Diffeol of 
diffeological spaces. 

Lemma A. 16. Let q : X ^ Y be a quotient map between two diffeological spaces (that is, q is 
the coequalizer of a diagram R ^ X in Diffeol for some equivalence relation R on X), and let Z be 
another diffeological space. Then a map f '-Y Z is smooth if and only if for any plot p : U ^ X 
the composite f o qop :U Z is a plot on Z. 


Proof. If / is smooth, then q o f is smooth. Therefore for any plot p : U ^ X the composite 
f o qop :U ^ Z is a plot on Z. 

Conversely suppose that for any plot p : U ^ X the composite f o qop -.U Z is a plot on Z 
and suppose r : 17 ^ T is a plot. By definition of quotient diffeology there is an open cover {17 q,} 
of 17 and a collection of plots : 17a —>■ X so that 

qora = r\u^. 


By assumption. 


(/ o ^)lf/c = / o (^C/c) = f oqora :Ua ^ Z 


are plots. Since a diffeology is a sheaf, / o r is a plot. Therefore / is smooth. 


□ 


Since the category of diffeological spaces has all small limits, it has fiber products. Explicitly, 
they can be constructed as follows. 

Construction A.17 (Fiber product diffeology). Let / : {X,Dx) — >• {Z,Dz) and g : {Y^Dy) — >• 
{Z,Dz) be two maps of diffeological spaces. We construct their fiber product as follows; the 
underlying set is the hber product 

^ Xf,z,g y ■= {{x, y) eX xY \ f{x) = g{y)}, 

and the set of plots is 

D{X X pz,g y) := {{px,Py) e Dx X Dy \ f o px = gopy}. 

It is not hard to check that the diffeological space (X x f^z,g E, D{X x f^z,g E)) together with the 
obvious maps to {X,Dx) and {Y,Dy) is a fiber product in category of diffeological spaces. □ 

Remark A. 18. If Z is a single point then the fiber product (X Xf^z,g E, I1(X Xpz,g E)) is the 
product of (X, Dx) and {Y, Dy). Thus the construction of the fiber product diffeology includes the 
construction of the (binary) product diffeology as a special case. 

Next we construct a diffeology on the space V{M) of paths with sitting instances in a manifold 
M (q.v. Notation 2.3). By the quotient construction this, in turn, dehnes a diffeology on the set 
V{M)/.^ of paths modulo thin homotopy. 
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Definition A. 19 (Path space diffeology). As before, denote the set of paths with sitting instances 
in a manifold M by V{M) (all paths in V{M) are parameterized by [0,1]). Let U be an open set 
in some M". Define a map of sets p : U ^ V{M) to be a plot if the associated map 

p : U X [0,1] ^ M, p{u, x) := p{u){x) (A.l) 

is smooth. □ 


Remark A.20. Strictly speaking, one should check that the collection of plots on the set of paths 
V{M) given in Definition A.19 forms a sheaf on Open. This is straightforward, and we leave it to 
an interested reader. 


Remark A.21. If X and Y are two diffeological spaces, then the space Hom(A, Y) of smooth maps 
from X to y is also a diffeological space: p : U ^ Hom(X, Y) is a plot if and only if p : U x X ^ Y 
is smooth. One can show that the mapping space diffeology on V{M) agrees with the diffeology 
defined in Definition A. 19. The key issue is that a map p ; 17 x [0,1] —>• M is smooth as a map of 
manifolds with boundary if and only if it is smooth as a map of diffeological spaces, see [ 11 ]. 


Lemma A.22. Let V{M) be the set of paths with sitting instances in a manifold M with path 
space diffeology (q.v. A. 19). 

(1) The evaluation maps 


evQ : V{M) —)■ M, 7 7 ( 0 ) and evi : V{M) —>■ M, 7 1 -^ 7 ( 1 ) 


are smooth. 

(2) The concatenation map 


defined by: 


is a smooth. 


th : V{XI) ^ evQ,M,evi V{M) V{M) 


ih( 7 ,r) {t) 


r( 2 t) if tG [ 0 , 1 / 2 ] 
7 ( 2 t-l) if tG [ 1 / 2 , 1 ] 


(A. 2 ) 


Proof. By Definition A. 19 of the path space diffeology, for any plot p : U ^ V{M), we have 
evQ op = p\ux{o}i where p : U x [0,1] —)■ M is the associated map. Since p is smooth the map euo 
is a smooth as well. A similar argument shows that the map evi is smooth. 

Recall that a plot p of the fiber product V{M) Xm V{M) is given by a pair of plots 


p=(p^:U ^ V{M), P2-.U ^ V{XI)) 


with pi(x)(l) = p2{x){0) for all a: G 17 (Construction A.17). We have 


xhop{u,t) 


pi{u,2t) if tG [ 0 , 1 / 2 ] 
P2{u,2t-1) if tG[l/2,1] 


Since the map rh o p is smooth for all plots p, the map tfi o p is smooth for all plots p. Hence the 
map m is smooth. □ 


Definition A.23 (Diffeology on the space of thin homotopy classes of paths). As before, denote the 
set of thin homotopy classes of paths with sitting instances in a manifold M by V{M )/We define 
the diffeology on V{M)/^ to be the quotient diffeology induced by the map V{M) — 'P{M)/ 


Definition A.24 (q.v. [11, 8.3]). A diffeological groupoid T is a groupoid object in the category 
Diffeol of diffeological spaces. That is, the sets of objects and arrows, Tq and Ti, are diffeological 
spaces, and the structure maps s, t, m, i, and u (q.v. Notation 2.10) are maps of diffeological spaces. 
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As observed in the Definition/Proposition 2.9, for a manifold M, the thin fundamental groupoid 
nthin(^) -g ^ groupoid with the set of objects the manifold M and the set of morphisms the set 
V{M)/^ of paths modulo thin homotopy. We are now in position to state and prove the following 
folklore result. 


Proposition A.25. The thin fundamental groupoid n*^™(M) of a manifold M is a diffeological 
groupoid. 


Proof. We need to show that the five structure maps s, t, m, u, and i of the groupoid n*^‘°(M) = 
{P(M)/..^} ^ M are maps of diffeological spaces, i.e. smooth (q.v. Notation 2.10). 

We start with the source map s. Recall that it is defined by 


s[7] = 7(0) 

for any class [ 7 ] G V{M)/r^. Let q : V{M) —> V{M)/^ be the quotient map. By Lemma A.16, it 
is enough to show that for any plot p : U ^ V{M) the composite map f{u) := {5 o q o p){u) is 
smooth. However, s o g is just the map cvq : ‘P{M) —>■ M which is smooth by Lemma A.22. So s is 
smooth. A similar argument shows that t is smooth. 

To show that the multiplication map m is smooth, we need to show that for any plot p : U ^ 
{V{M)/r..,) xm {V{M)/r..) the composite map mop : U ^ P(M)/..^ is a plot for the quotient 
diffeology on {V{M)/r^). Recall that m : {'P{M)/^) Xm (’P(Af)/~) —> V{M)/r^ is defined by 

n^([7],M) := [*( 7 ,^)] 


where rh : V{M) Xm V{M) —> V{M) is the concatenation: 


ih( 7 ,T) (t) 


r( 2 t) if tG [ 0 , 1 / 2 ] 
7 ( 2 t-l) if tG [ 1 / 2 , 1 ] 


(q.v. (2.1)). In other words, m is defined to make the diagram 


V{M) X M V{M) -^^ V{M) 




<? 


(A.3) 


{V{M)/^) XM --iP(M)/. 

commute. Recall once more that a plot r : U ^ 'P{M)/^ Xm V{M)/r., is of the form r = (ri,r 2 ) 
where ri : U ^ V{M)/^ are plots with s o ri = to r 2 . Since both ri and r 2 locally lift with respect 
to the quotient map q : V{M) —)• V{M)/^ to plots of V{M), it follows that for each point x ^ U, 
we can find an open neighborhood V oi x mU and plots Sj : R — V{M), such that q o Si = rj]y. 
Furthermore, since so q = euo and io q = eui, the map s = (si, S 2 ) is a plot for the fiber product 
diffeology on V{M) Xm 'P(M). 

By Lemma A.22 the concatenation m is smooth. Hence mo s is a plot for V{M) which descends 
to the plot 5 o m o s for V{M)/^. Since(A.3) commutes, it follows that m o r is locally a plot for 
V{M). Since diffeologies are sheaves, r is globally a plot. Therefore the map m is smooth. The 
proof that the structure maps i and u are smooth is similar. □ 


We end the appendix with two technical results. 

Lemma A.26. For any manifold M the target map t : 'P{M)/^ —>■ M of the thin fundamental 
groupoid n’'*^™(M) has local sections. More precisely, for any [ 7 ] G V{M)/ there is a neighborhood 
U oi X = 7 ( 1 ) = t([ 7 ]) and a smooth section a : U ^ V{M)/r.^ of t with a{x) = [ 7 ]. 

Proof. Choose a coordinate chart p : U ^ M” (n = dimM) with x G H, (p{x) = 0 and p{U) = M”. 
The map 

p:Ux[0,l]^M, p{y, t) := (p~^{/3{t) ■ ip{y)) 
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is smooth. Here /? € C'°°([0,1]) is the function in Remark 2.2. Then 

p:U^ V{M), p{y) (t) := ■ <f{y)) 

is smooth. By construction, p{x) is the constant curve lx- Also p{y){0) = x and p{y){l) = y for all 
y £ U. Hence 

ip] := qop :U ^ V{M)/r^ 

is a section of t with [p](a:) = [l^] and s([p(y)]) = x for all y £ U. Since the multiplication 
m : V{M)/^ Xm P{M)/^ — > V{M)/^ is smooth, the map 

a :U ^ V{M)/^, a{y) := [p{y)][-f] 

is smooth. By construction, cr is a desired section. □ 

Proposition A.27. The assignment M i-)- n*^‘°(M) extends to a functor 

: Man ^ DiffGpd 

from the category Man of manifolds to the category DiffGpd of diffeological groupoids. 


Proof. Let / : M —>■ A be a smooth map between two manifolds. We need to define a smooth 
functor ^ so that on objects it is the map / : M —>■ A. 

Define /* : V{M) V{N) by 

f*{l) = f 

for all paths 7 £ V{M). lip -.U —> V{M) is a plot, then 

{{f*°p){u)) (t) = f{p{u){t)) = f{p{u,t)), 

where, as before, p{u,t) = p{u){t). By definition of the diffeology on the space of paths, the map p 
is smooth. Hence {u,t) i-)- ((/* op){u)) (t) is smooth. It follows 

f,op-.U^V{N) 

is a plot. Therefore /* is smooth. Follow /* by the quotient map : V{N) —)• V{N)/r.^. If 
A : 7 o 7 i is a thin homotopy between two paths in M then f o H : /*(7o) ^ /*(7i) is a thin 
homotopy between their images in V{N). Hence qN o f* induces a smooth map [/*] : V{M )/—>• 
V{N)/^ making the diagram 

V[M) - - -^ V{N) 

QM QN 

P(AL)/^—— P(A)/^ 

U*J 

commute. Note that 

s([/*]([7]))=s([/o7]) = /(7(0))=/(s([7])). 

Similarly s([/*]([ 7 ])) = /(t([7]))- Hence 


P(Af)A 

(s,t) 

M X M 


[/* 


P(A)/~ 

(^.t) 

N X N 


(A.5) 


commutes. If 7 ,r : [0,1] —>■ M are two paths with 7 ( 0 ) = r(l) then / o 7 ( 0 ) = / o r(l). Moreover 
the concatenation of / o 7 and / o r is the concatenation of 7 and r followed by /: 

(/ o 7 )(/ ot ) = foiir). 
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It follows from the definition of multiplication in the thin fundamental groupoid and the map [/*] 
that 

[AKHM) = [foi][foT]. 

Thus [/*] preserves multiplication. Since /* applied to a constant path is the constant path 
lf(x), if*] preserves identities. Define n*^“(/) on objects to be / and on arrows [/*]. Then n*'^“(/) 
is a functor. It is smooth by construction. □ 

Appendix B. Functors between the cocycle categories 
In this appendix we prove 

Proposition 6.8 Suppose T is a Lie groupoid, X,y ^ Man are two categories fibered in groupoids 
and F : A —>■ T is a I-morphism of fibered categories. Then the functor F induces a functor 

Fr : T(r) ^ T(r) 

between cocycle categories. Moreover if F is an equivalence of categories then so is Fr- 


Proof. Recall that objects and arrows of a CFG ro :U —Man pull back along maps in Man. More 
precisely suppose / : M —)■ A is a morphism in Man and x is an object of IA{N). Then there 
is an object f*x of U{M) (“a pullback of x by /”) and an arrow / : f*x x with 'cu{f) = /. 

The pullback f*x is not unique, but any two pullbacks are isomorphic. If xi X 2 is a morphism 
in hl{M) then given the choices of pullbacks /* : f*Xi —>■ Xj, i = 1,2 there is a unique arrow 
f*f, : f*xi —)• f*X 2 making the diagram 


rxj-^xi 

/‘sj i« 

rx2 r- ^2 

fi 


commute. 

At this point it is convenient to completely switch to simplicial notion and set do ^ hi ^ Fq to 
be the source map and di : Fi ^ Fq to be the target map. 

Suppose (x,(^ : dgX —>■ d\x) is an object of A’(r). Then F{x) is an object of T(ro)- Now choose 

d*F{x) := F{d*x). 

Then F{(p) is a morphism in T(ri) from d^F^x) to d\F[x). We need to check that the pair 
{F{x),F{(p)) is an object of T(r), i.e., that F{ip) satisfies the cocycle condition. We set 

d*d*F{x) := F{d*d*x) i = 0,1,2, j = 0,1. 

By dehnition of an object in <T(r) the pullbacks 


satisfy the cocycle equation 
Since the diagrams 


d*if : d*dlx ^ d*d\x, i = 0,1,2 


d2<f d^if = d*(/9. 


F{d*dlx) - ^F{dlx) 


F{dtv) 


FA) 


F{d*d\x) - ^F{dlx) 
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commutes in y and since the horizontal arrows project to dj : Fi Xpo Fi —)■ Fi (i = 0 , 1 , 2 ) we have 

F{d*^) = dtF{ip). 

Hence 

dlF{^)dlF{^) = F{dl^)F{dlip) = F{dl^dl^) = F{dlip) = dlF{^). 

We conclude that the pair {F{x),F{ip)) is an object of 3^(F). Similarly if a : —)■ {x',(p') is a 

morphism in ff(F) then F{a) : {F{x),F[(p)) —)■ {F{x'),F[(p')) is a morphism in y. It is routine to 
check that these maps on objects and morphisms do assemble into a functor Fr : —>■ 3 ^(F). 

If F : —)■ 3^ is an equivalence of categories then it has a weak inverse H : y ^ X so that 

7 : Ff o F => idx and 6 : F o H ^ idy for some natural isomorphism 7 and 6. These natural 
isomorphisms then give rise to natural isomorphisms 

7r ; FFr o Ft ^ idx{r) > 

(5r • Ft o FFp ^ 

and the proposition follows. □ 
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